Observations and numerical simulations of laboratory and space plasmas in almost collisionless regimes reveal anisotropic and non-gyrotropic particle distribution functions. We investigate how such states can persist in the presence of a sheared flow. We focus our attention on the pressure tensor equation in a magnetized plasma and derive analytical self-consistent plasma equilibria which exhibit a novel asymmetry with respect to the magnetic field direction. These results are relevant for investigating, within fluid models that retain the full pressure tensor dynamics, plasma configurations where a background shear flow is present.
I. INTRODUCTION
Sheared flows are frequently observed in space and laboratory plasmas. They are an important source of free energy and can drive various instabilities, such as the Kelvin-Helmholtz instability [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] (KHI) or the magnetorotational instability [11] [12] [13] [14] [15] [16] [17] (MRI). The KHI, on the one hand, leads to the formation of fully developed large scale vortices, eventually ending in a turbulent state where energy is efficiently transferred to small scales. In this context, a relevant example is given by the development of the KHI observed at the flanks of the Earth's magnetosphere [18] driven by the velocity shear between the solar wind (SW) and the magnetosphere (MS) plasma, and in general observed at other planetary magnetospheres. On the other hand, the MRI is considered to be a main driver of turbulence (and turbulent transport of angular momentum) in accretion disks around astrophysical objects, such as stars and black holes. In addition, small-scale sheared flows can emerge from turbulent states and lead to kinetic anisotropy effects, as seen from SW data and simulations [19] [20] [21] .
The standard magnetohydrodynamic (MHD) approach to the study of shear flow configurations is justified when the scale length of the sheared flow is much larger than the typical ion microscales, i.e. when d i , ρ i ≪ L. However, in the case of the interaction of the SW with the MSP, satellite observations show that the typical scale length of the sheared flow is roughly comparable to the ion gyroradius and/or the skin depth, i.e. d i ∼ ρ i L (β ∼ 1). In general, a common assumption in the framework of MHD modeling is to consider an isotropic pressure tensor even in the presence of a background magnetic field. However, a relatively simple step to avoid such extreme simplification is to adopt the Chew-Goldberger-Low (CGL) approximation [22] , where the pressure tensor is gyrotropic, i.e. the pressure can be different along the magnetic field and perpendicular to it. In this approach, three main features of the system appear to be relevant: (i) the pressure is isotropic in the plane perpendicular to the magnetic field, i.e. gyrotropy, (ii) the system is symmetric with respect to the relative orientation of the magnetic field B and the fluid vorticity Ω u ≡ ∇ × u, i.e. with respect to the sign of Ω u · B, and (iii) the equilibrium profiles are not dependent on the velocity shear. These three points are substantially modified when the pressure tensor equation is retained in the fluid hierarchy or when kinetic models are adopted. Also retaining first-order finite Larmor radius (FLR) corrections of the ions within a two-fluid (TF) model, the so called extended two-fluid (eTF) model [23] , was recently shown to substantially modify the previous picture.
In this work, we investigate the role of retaining the full pressure tensor equation, still in the framework of a fluid model. In order to simplify the picture for the sake of clarity, we will consider a configuration in which the inhomogeneity direction, the flow direction and the magnetic field are orthogonal to each other. The main result of our approach is to prove that, in the presence of a shear flow, an additional anisotropy in the perpendicular plane (agyrotropy) and an asymmetry with respect to the sign of Ω u · B arise even at the level of the equilibrium configurations, which depend also on the shear strength. Indeed, a sheared flow can induce dynamical anisotropization of an initial isotropic pressure configuration, together with an asymmetry with respect to the sign of Ω u · B, when, for instance, one retains first-order FLR corrections [23] or the full pressure tensor equation [24] . Here, we focus our attention on the effect of the shear-induced anisotropization at the level of a stationary state. Such new features are intrinsic properties of the system and their relevance is related, in general, to the plasma regime under investigation. In particular, the deviation from an MHD/CGL model becomes not negligible when the shear length scale is comparable with the ion microscales (d i , ρ i L), as is the case for the SW-MS interaction. Such deviations, important at the level of equilibrium configurations, can dramatically affect the study of one of the above mentioned instabilities already in the linear phase and possibly leading to very different nonlinear stages, when kinetic models are adopted [10] . This highlights the importance of a correct modeling of the sheared flow equilibrium configuration, in which the possibly relevant ingredients, such as the pressure tensor, are retained. Moreover, as already anticipated, the approach presented here can give insights into non-gyrotropic proton distribution functions that are observed in SW data and Vlasov simulations [19] [20] [21] .
The remainder of this paper is organized as follows. In Sec. II, we solve the stationary pressure tensor equation without heat fluxes and in the presence of a sheared flow, giving the solution in the form of traceless corrections to the CGL gyrotropic pressure tensor, discussing the emergence of the perpendicular anisotropy and of the Ω u · Basymmetry. In Sec. III, we consider the full non-gyrotropic ion pressure tensor within the equilibrium problem. Implicit and exact numerical solution for the equilibrium profiles are then given, along with possibly useful explicit analytical approximations, underlining again the role of the asymmetry and the perpendicular anisotropy. Finally, alternative approximated and exact analytical equilibria are given in Appendix A.
II. STATIONARY SOLUTION OF THE PRESSURE TENSOR EQUATION
Within a fluid description of a plasma, the pressure tensor equation is given by [23] 
where q α and m α are the charge and the mass of the species α, respectively, Π α,ij is the (ij-component of the) pressure tensor, u α,k is the (k-component of the) fluid velocity, Q α,ijk is the (ijk-component of the) heat flux tensor, ǫ ijk is the Levi-Civita symbol and B m is the (m-component of the) magnetic field. Now, we look for stationary solutions of Eq. (1) in the limit of no heat fluxes, i.e. ∂Π α,ij /∂t = 0 and Q α,ijk = 0 ∀ i, j, k. Under these assumptions, Eq. (1) reduces to
where we have introduced the sign of the charge σ α ≡ sign(q α ) and the cyclotron frequency Ω α ≡ |q α ||B|/m α c of the species α, respectively, and the magnetic field versor b m ≡ B m /|B|. It is a well known result that, within a finite Larmor radius (FLR) expansion of Eq. (2), the zero-order solution is given by the CGL pressure tensor [22, 23] ,
where τ ≡ I − bb is the projector onto the plane perpendicular to the magnetic field (b ≡ B/|B|), p α, and p α,⊥ are the pressure parallel and perpendicular to B, respectively. The tensor Π
α represents the kernel of the operator on the right hand side of the pressure tensor equation, i.e. it is an approximated solution of the equation when the left hand side is negligible.
We now consider a velocity shear configuration such that the inhomogeneity direction, the flow direction and the magnetic field direction form a right-handed basis, e.g. u = u y (x)e y and B = B z (x)e z . Note that this configuration, despite its apparent simplicity, is actually commonly used in various areas, e.g. for studying the KHI or the MRI. Without loss of generality we can write the full pressure tensor as Π α = Π (0) α + Π α , in which Π α represents a traceless correction to the gyrotropic pressure tensor Π (0) α . In fact, remaining within a fluid framework, one has unambiguous definitions of p α,⊥ ≡ 1 2 Π α : τ and p α, ≡ Π α : bb, so the identity Π α : I = 0 holds [25] [26] [27] [28] [29] [30] . The same conclusion can be directly derived from the Vlasov equation [31] . From the definition of p α, one obtains also Π α : bb = 0, so in our configuration Π α,zz = 0 and the perpendicular components of the pressure tensor read
Inserting the above expressions into Eq. (2) gives the following non-gyrotropic diagonal pressure tensor:
with
where
is the relative orientation of the magnetic field and the z-axis (see Ref. [23] ). The positivity condition on the diagonal pressure terms in Eq. (5) gives
It is interesting to note that here an asymmetry with respect to the sign of a α (x) appears. In fact, not all the value of the shear strength are allowed when a α is negative, while in principle there is no limitation when it is positive. The sign of a α depends essentially on two physical factors: the species, through σ α , and the relative orientation of the magnetic field B and the fluid vorticity Ω u , through the sign of s 3 (du α,y /dx). For instance, if one considers ions (σ i = +1) and a background magnetic field oriented in the positive direction of the z-axis (s 3 = +1), from Eq. (7) we find that there is no limitation in the velocity shear of u i if the vorticity is aligned with the magnetic field (Ω u ·B > 0), while the velocity shear is limited to be maximum equal (in absolute value) to the ion gyration frequency otherwise (|Ω u | ≤ Ω i ). We note that this condition on the shear strength limitation asymmetry is indeed in accordance with Ref. [24] , where it is found that shear configurations of the type considered here become dynamically unstable when Ω ′ /Ω i ≡ 1 + (∂ x u i,y )/Ω i < 0, which corresponds exactly to the condition a i (x) < −1/2 in our notation (in the case of Ref. [24] , however, the non-stationary pressure tensor equation was considered).
The solution in Eq. (5) introduces an additional anisotropy in the plane perpendicular to the magnetic field:
which gives the maximum value of the anisotropy (A (max) ⊥ = 2) for a = −1/2 and for a → ∞. A sketch of Π xx /p ⊥ , Π yy /p ⊥ and A ⊥ versus a is given in Fig. 1 . The asymmetry is thus found also in the perpendicular anisotropy, which is here entirely due to the velocity shear. For small |a| ≪ 1, the corrections to the gyrotropic CGL pressure tensor are small and, if we expand the solution in Eq. (5) to the leading order in a, the first-order FLR solution is found [23, [25] [26] [27] [28] [29] [30] . However, in this limit, the asymmetry with respect to the sign of a in Eq. (7) is lost.
III. EQUILIBRIA WITH THE COMPLETE PRESSURE TENSOR
We now want to use the stationary solution of Π xx in Eq. (5) for solving the equilibrium condition [23] where here we are considering only the ions full pressure tensor, while the electrons are gyrotropic, i.e. Π e = p e,⊥ τ + p e, bb. Note that in our configuration, since there are no parallel gradients, the parallel balance is automatically satisfied [32] . We define the gyrotropic pressure and the magnetic field profiles as
where p i,⊥0 and p e,⊥0 are positive constants, F (x), G(x) and H(x) correspond to the MHD equilibrium and f (x), g(x) and h(x) are the corrections to the relative MHD profile. The equilibrium condition, Eq. (9), can then be conveniently rewritten in dimensionless form as
where we have fixed the constant of integration to be B 2 0 /8π +p i,⊥0 +p e,⊥0 and the quantities β α,⊥0 ≡ β α,⊥0 /(1+β ⊥0 ), β ⊥0 = α β α,⊥0 and β α,⊥0 ≡ 8πp α,⊥0 /B 2 0 are introduced. The equation can be further simplified. First, we note that the MHD equilibrium functions are related by the quasi-neutrality requirement and the MHD equilibrium conditions, i.e. quasi-neutrality gives [23] 
where γ ≡ (γ e,⊥ /γ i,⊥ ) − 1 and a polytropic relation between the pressure and the density is assumed [33] , while the MHD force balance condition gives [23] H
Then, we require again quasi-neutrality for our modified equilibrium, i.e.
where the equivalence is because of condition (12) . We then require that the perpendicular plasma beta β i,⊥ (x) remains unchanged with respect to the MHD equilibrium (see Appendix A for alternative requests), which then leads to the condition
If γ = 0 holds, this condition is equivalent to the requirement that the total perpendicular plasma beta β ⊥ (x) remains unchanged. Thus, using the previous relations, the equilibrium condition (11) reads
which is intrinsically nonlinear in f , not only because of the parameter γ, but also because a i (x) itself contains the magnetic field profile which must be derived self-consistently from the equilibrium, i.e.
where for convenience we have separated h(x) and a 0i (x), since the latter term does not depend on the self-consistent solution h(x). This intrinsic nonlinearity is the reason that justifies our approach of extending an MHD/CGL equilibrium to the "corresponding" full pressure tensor equilibrium: in the MHD/CGL case, we do not have a i (x), so the equilibrium condition is easily solvable and we find F (x), G(x) and H(x). Then, we can compute a 0i (x) and give the solution in terms of it. Moreover, the MHD equilibria are the most commonly adopted for various simulation initialization, even in a kinetic framework [10] , and thus using them as a starting point may be convenient.
In the following, when we give explicit examples, a velocity profile described by a hyperbolic tangent will be adopted:
which is often used for the study of KHI [4] [5] [6] , and all the quantities will be given in units of ions quantities (m i , e, Ω i , d i ) and Alfvèn velocity (v A ).
A. Discussion of the fully self-consistent equilibria
Let us consider the complete problem in which the a i (x) function is computed with the actual self-consistent magnetic field profile, Eq. (17) . For a 0i the positivity condition of the pressure,
Then, under the assumption of quasi-neutrality and the request that the perpendicular plasma beta β i,⊥ (x) remains unchanged with respect to the MHD equilibrium, Eqs. (14)- (15), the equilibrium condition (16) can be recast in the following form:
which is absolutely non trivial, since the parameter γ can change the order of the equation in a non obvious way. We thus restrict the problem to the case γ = 0, i.e. to the case of an equal polytropic law for the electrons and the ions in the plane perpendicular to B. This assumption is physically reasonable and leaves total freedom for what concerns the parallel polytropic laws for electrons and ions. The equilibrium condition for γ = 0 reads
which can be interpreted as a cubic equation for w(x) ≡ f (x) (f (x) cannot be negative since it is related to the pressure -see Eq. (10)). In order to gain some insights from Eq. (21), we can solve it for a 0i (f ), i.e.
together with the condition in Eq. (19) , which in our case, h(x) = f (x), becomes
The implicit solution a 0i (f ) is shown in Fig. 2 F (here F = 1) essentially determines how "fast" the solution f deviates from unity when a 0i deviates from zero, (ii) the strength of the velocity shear, i.e. the parameter u 0 /B 0 L u , determines how far from gyrotropy the system is allowed to go, (iii) the presence of an asymmetry with respect to the sign of a 0i (due to the plot scale, this is more evident in the right panel, but it is true in general) and (iv) the existence of a second real solution for a 0i ≤ 0 and not for a 0i > 0, which is however unphysical (i.e., below the positivity border -see below). The above plots allow us to represent solutions in implicit form. Considering a hyperbolic tangent velocity shear profile as in Eq. (18) and H = 1, the function a 0i (x) reads
where we took x 0 = 0 for simplicity. We consider the case shown in the central panel of Fig. 2 for a 0i (f ) . This plot of a 0i versus f , zoomed in the region around a 0i = 0 and f = 1, is reproduced in the right panel of Fig. 3 . In the left panel of Fig. 3 , we show the plot of a 0i (x) in Eq. (24), for both signs of s 3 . The aim is to visualize how f (x) should look by drawing a 0i (x) and a 0i (f ) next to each other, with the values of a 0i on the y-axis of both plots (and with the same scale), so one can go back and forth from one plot to the other in three steps: go along the x-axis of left panel of Fig. 3 (x coordinate), (ii) look at the value that a 0i (x) takes in the left panel and then move to the same level of right panel (in both panels, the y-axis has the same scale and the values of a 0i are represented on it) and (iii) after reaching the curve a 0i (f ) on the right panel in the point that corresponds to the value of a 0i found at point (ii), go down to the x-axis of the right panel in order to find the value of f that corresponds to the value of x at point (i). Imagine going along the whole x-axis, from −∞ to +∞. For sufficiently large |x|, we have a 0i = 0, so the solution is asymptotically f = 1 (e.g. for |x| 4 in left panel of Fig. 3 ). Then, still referring to Fig. 3 , as we approach x = 0 from negative values a 0i starts to deviate from zero (left panel) and thus also f (x) starts to deviate from unity (right panel), becoming bigger or smaller if a 0i becomes positive or negative, respectively. In passing through x = 0 (left panel), we pass through the global maximum (minimum) of the positively (negatively) valued a 0i , corresponding to the maximum deviation of f (x) from unity in the right panel (i.e., in the point where the curve a 0i (f ) intercepts the horizontal red dashed line, above f = 1 or below it accordingly with the sign of a 0i ). Then, leaving x = 0 behind and proceeding to increasing positive x-values in the left panel of Fig. 3 , a 0i starts to decrease (increase) and so does f (x) in the right panel, until it comes back to unity for sufficiently high x-values (note that for x > 0 we are going on the curve a 0i (f ) all the way back compared to how it had been covered for x < 0, the point x = 0 being the turning point).
Explicit numerical solutions f (x) of Eq. (21) for a 0i (x) given in Eq. (24), are plotted in Fig. 4 for the three cases in Fig. 2 . The corresponding profiles Π xx (x) (s 3 = +1: bottom blue solid line, s 3 = −1: top blue dashed line) and Π yy (x) (s 3 = +1: top red solid line, s 3 = −1: bottom red dashed line) are also given (from Eqs. (33) and (34) In order to trace back the origin of the double solution for a 0i ≤ 0 and to show that one of the two solutions is unphysical because of the positivity condition in Eq. (23), we consider the equilibrium condition, Eq. (21), and look for solutions which deviate from gyrotropy weakly. For this purpose, we treat β i,⊥0 as a small parameter (here, we consider the case F = 1, but the bound 0 ≤ F ≤ 1 always holds). For β i,⊥0 = 0, Eq. (21) is exactly solvable:
and admits two real roots (26) where f 0 = 1 means gyrotropy, whilef 0 represents the β i,⊥0 → 0 limit of the second solution in Fig. 2 for a 0i ≤ 0. However,f 0 is below the positivity condition a i ≥ −1/2 (for f →f 0 we obtain a i → −1). Keeping the first order in β i,⊥0 F ≪ 1 for the physical solution near unity leads to
which corresponds to the first-order Taylor expansion for small C 0 a 0i /(1 + a 0i ) of the solution in Eq. (30) (see below). This means that, at least in the limit of small-β i,⊥0 , the two solutions are close to each other. Note that the small-β i,⊥0 limit does not necessarily mean small-β i,⊥0 , but it can be reached also in the large perpendicular temperature ratio, τ ⊥ = T e,⊥0 /T i,⊥0 ≫ 1. Finally, physical solutions of Eq. (21) only exist within restricted domains of ( β i,⊥0 , a 0i ). In particular, this turns out to be the case only when a 0i is negative, i.e. for Ω u · B < 0. An example of this asymmetric behavior is given in Fig. 5 , where we show that solutions for a 0i < 0 may disappear because of the positivity constraint depending on the value of β i,⊥0 . For a 0i > 0, i.e. for Ω u · B > 0, a solution is instead always present, regardless of the value of β i,⊥0 . B. Approximate analytical solution of the equilibrium condition
In the limit of small corrections to the MHD equilibrium, we can give analytical solutions for f (x) with γ = 0. In this limit, the ion cyclotron frequency Ω i in the a i function can be computed with the MHD profile of the magnetic
which is an approximation that one should check a posteriori (see Appendix A for a simple case in which this case is exact), and leads to the following equilibrium condition:
Treating γ as a small parameter, we solve the above equilibrium problem iteratively. The solution of Eq. (29) for γ = 0 is straightforward, i.e.
where C 0 (x) = β i,⊥0 F (x). Noting that Eq. (29) is equivalent to the equilibrium condition Eq. (23) in Ref. [23] , with the substitution
we can derive the iterative solution (cf. Eqs. (24)- (26) in Ref. [23] ), i.e.
In the above, we have assumed that | γ β e,⊥0 (F (x)) 1+ γ | < 1 ∀x for the convergence of the resulting series, which can be shown to be always the case (see Ref. [23] ). Moreover, the solution passes through a Taylor expansion in which we consistently assume that the correction to the MHD profile is small, i.e. |Ca 0i /(1 + a 0i )| ≪ 1. In this regard, the relation |a 0i /(1 + a 0i )| ≤ 1 ∀ a 0i ≥ −1/2 holds, β i,⊥0 < 1 by definition and we can always choose p i,⊥0 such that F (x) < 1 ∀x. Thus, the condition |Ca 0i /(1 + a 0i )| ≪ 1 is valid for most of the parameter range commonly adopted. Finally, the solution in Eq. (31) reduces to the first-order FLR solution given in Ref. [23] if we retain only the first order in a 0i inside the square brackets.
Explicit equilibrium profiles
We give also the explicit equilibrium profiles of the physical quantity of interest, for the sake of clarity:
Π e,xx = Π e,yy ≡ p e,⊥ = p e,⊥0 (F (x)f (x)) 1+ γ ,
If the parallel and perpendicular temperatures are of interest [32] , instead of the corresponding pressures, from Eqs. (33)- (36) we have
We define the MHD profiles with the superscript (0), e.g.
, and the overlined quantities as the ratio between the actual and the MHD profiles, e.g.
i,⊥ . Note that taking the perpendicular and parallel polytropic indices to be γ ⊥ = 2 and γ = 1 for both species, one obtains
which meanp B 2 /n 3 = const. andp ⊥ /nB = const.. Thus, if the initial MHD profiles are such that
(as, e.g., for the case F = H = 1), then also p B 2 /n 3 = const.
and p ⊥ /nB = const., as expected from the double adiabatic laws [22] . Finally, in order to visualize the asymmetry due to the sign of Ω u · B, we plot the equilibrium profiles for a given case.
In Fig. 6 we show the velocity shear u i,y (x) and the function C(x)a 0i (x)/[1 + a 0i (x)] (left panel) and the corresponding equilibrium profiles for Π i,xx and Π i,yy (right panel). The parameters used for the profiles in Fig. 6 are u 0 = 2/3, L u = 3, B 0 = ±1 (s 3 = ±1), β i,⊥0 = β e,⊥0 = 1 and γ = 0. For the sake of clarity we have chosen the simplest MHD case of F = G = H = 1. By an inspection of the plot, some considerations emerge. First, while the condition |C(x)a 0i (x)/[1 + a 0i (x)]| ≪ 1 holds, as assumed in the derivation on the profiles, the effects on the anisotropy is actually big (∼ 20 − 30%). The same consideration remains true even for more extreme cases. Second, the asymmetry between the two cases s 3 = ±1 is impressive, even for this moderate case: the two set of profiles are remarkably different, while the value of a i , which gives us an idea of how far from gyrotropy (a 0i = 0) the system is, only reaches a 0i ≃ 0.11 (a 0i ≃ −0.11) for the configuration with s 3 = +1 (s 3 = −1). The fundamental difference between the two configurations, s 3 = ±1, may then lead to very different dynamical evolution of the system and thus of the instability under study already in the linear phase [1, 2, 10] . In Fig. 7 we show the same quantities as in Fig. 6 for a different set of parameters:
= β e,⊥0 = 2 and γ = 0, which correspond to a 0i ≃ ±0.25.
IV. CONCLUSIONS AND DISCUSSION
We have presented a study of the role of the pressure tensor in the presence of a sheared velocity field within a fluid plasma framework. The heat fluxes are neglected. Solutions of the stationary pressure tensor equation are given for a simple, but commonly adopted configuration, and the properties of such equilibrium solutions are discussed. In particular, we have shown that, in addition to the well known parallel-perpendicular anisotropy (p = p ⊥ ), the system is also anisotropic in the plane perpendicular to the magnetic field, i.e. Π xx = Π yy = Π zz . The magnitude of the perpendicular anisotropy turns out to depend on the strength of the velocity shear and on its scale length of variation. Moreover, the system is strongly asymmetric with respect to the relative orientation of the background magnetic field and of the fluid vorticity, i.e. with respect to the sign of Ω u · B. These properties of the system are present even at the level of the equilibrium state representing the starting point for the study of shear-flow instabilities. A method for deriving equilibrium profiles is presented and both numerical and approximated analytical solutions are provided for some representative cases. The profiles derived in the present paper are shown to be different with respect to the usual MHD or even CGL equilibria. In particular, they depend on the velocity shear and are asymmetric with respect to the sign of Ω u · B. These features, arising already at the level of the equilibrium configuration, turn out to be relevant when fluid models that retain the pressure tensor equation and/or kinetic models are adopted, as for the study of the KHI and the MRI.
Finally, despite the relative simplicity of the system configuration adopted, it seems plausible that our results can be used for the interpretation of satellite data where non-gyrotropic distribution functions are observed. This could be the case, for instance, of solar wind data, since, as pointed out by recent studies, one expects that the turbulence spontaneously generates local velocity shear flows. and thus we need to solve the following equilibrium condition:
+ β e,⊥0 F γ (x)f γ (x) f (x) = β i,⊥0 + β e,⊥0 F γ (x) ,
which, considering the case γ = 0 for simplicity, has the solution
where we have defined the perpendicular temperature ratio τ ⊥ ≡ T e,⊥0 /T i,⊥0 for brevity and now the function a i (x) is computed with the actual local magnetic field, without approximations (i.e., a i (x) ≡ a 0i (x)).
